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DESCRIPTION OF THE COURSE :

The course focuses on the application of mathematical principles, laws
and theorems in the analysis of a given data. r0ly v
of the data by mathematical notation or symbols
sséry equétions in fhe solution of
of the unknown through long. hand process, use of tables a
machines. Basic Mathematics,'ﬁlgebra, and Trigonometry comprise the ins-

tructional areas of the course. Total
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UNIT T BASIC MATHEMATIGS -

2¢1l INTRODUCTION TO BASIC MATHEMATICS
TTRULES OF SIGNS ‘

.....

1=y, L Commuitative Property of Addiztign and Multiplication

*
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The sum of any two real numbers is nct atfected by the
order in which these numbers arz added.

a + b =5b + a
Example: 4 ¢+ 5 = 5 + 4
The oreoduct of any twe re2al numbers is the same sven if
crd=r of the factocrs is reversed,
2 ¥ b =5bxa
Example: 2 x 8 = 8 x Z
Asscciative Property of Additicn aznd Multiclication
Trhe sum of any set cf real numbers is nct affectsd by
the- manner in which the numbers are arouped for
addition. A pair of parenthesss, ( ) zan be used %o

aroup addends withcut changing their order and their sum

+ (b + )

{(a ¢« bY = ¢ a
Example: (8 + ) + 8 = S + (& + 3)
11 + 3 =5 + 14
1§ = 1§ '

The product of any set of rezl numbers is not aftected
by the mannner in which the numbers ares garouped for

multipiication.

fa x b x = ax (b x ¢}
 Example: (8 x 9) x 10= 8 x (¥ x 10}
: 7Z x 10= 8 x S0
TEZ0 = 720

istribuetive Property of Multislication Over Additicon

Muzitiplication is distributive over addition. This rule
changes the product of twe facitcres into the sum of two
terms., '

a x (b + ¢} = (a =z b} + (a x ¢
(b +2) xa = (b x a } + {c x al ®

The factor a in the products 2 x (b + ) and (b + ¢} %X a
can be distributed cver the addends in the sum b + .

Examples:(al 6 x (8 + 7) = (& % 8} + (& = 7}
‘ 6 x iS5 = 42 + az
. : 45 = 45 ,
Example: (b} B x (3 + &3 {5 = 3} + {85 % &}
) 5x 9 15 + 30
43

®

i
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1-1.2 FUNDAMENTAL OFERATIONS INVOLVING SIGNED NUMBERS

1-1.2.! Positive and Meagative Intsaers (Sianed Numbers)
¥ Fositive inteqere ‘Bre numbers which mav or may nct be
preceded by positive sian, <.
¥ I+ "a” i= a real number, the symbpol 7-gn denctes the
toeosite or the additive inverse of "a' wr the
nezative o+ "a”. Evervy number may then be said to
have an ocoosite,. ' ‘

M

Numbers which are opposite of each other are best
illustrated by a number 1 th

zerc-as the initia}

Wi
reference point., A move to right ot zers or an arrow
n

ECinting o the right represents gz poesitive irteqer
while a move to e+t oFf  IPro or an arrow Deinting to
the left represents a neagative integer.

-4 -2 -z -1 Q i = 3 a

*

2.2 Addition c+ Sianed Mumbers

Absolute value ¢+ a number is the distance p
number from the refterence ceint, O

NS
A
oy
1]

o 4 units 1
i I

“4. -3 -2 -1 0 1 2 3 4a

4]

The absoiuts value cf +a = 4

3 units

(“
I S
th

5 -4 -3 -2 -1 0 1 =z

Thz absciute value -2 = 5

* Rele L: To add numbers having like signs, add the
absclute value of the terms and a+Fix to the sum,
the commsn sian, '
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1-1.2.4 Maltiplication of

Subtraction of Sicgned

v

add numbers havine unlike sians,

o t@ke
rence oFf their absciuvite values and
5 £

v

crefix

‘the sign oF the number with the bigcer

(-4} +

i
(4
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. Ans..

Numbers

% Rule 3: To subtéact a number +rom ocne ancther,
mentally change the sian c©f the subtrahend and then
croczed az in addition.

Thes i+ "a” and "bB" are integesrs, then the
difierence., a-5 is egual to the sum ©f "a"' and the
cppesite {~-2)

ct *b"* . &a~b = & *+

{a) (=2 - 3 = {-2) *+

(b) 7 - 6 =7 + (=4) =3
() Z - (=F) = 2 + (+%) = 1L
td) 12 = (+5) = 1Z + (=5) =7

Signed Numbers

* Rule 4: The

nroduct of twec numbers with like sians is
positive. '

-
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¥ FBule 5: Tne product of twoc numbers with un

is neaative.

Examples:

HES 4 % 3 = 12

(b} =4 = (=3} = 1iZ
() &6 = (=13} = =30
idy (=83 =z (~3) = Z4
{2} (+&) x (#3231 = 18

(=23 u 7 = ~&3

(7

1-1.2.5 Division of sizned numbers

Examples:
(a) L0 7 2 = 35
by 13 /3 = -8
() =25 /7 (-5 = B
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1-1.2.8 Order o+ Mzthematical Oper zizn
* Whan therse are more than twe coeratione involved and
ne siang o< srousing exist in ap 2xDression, perficrm
the multiplicy atiaon and/ or divisicn be<tcre &ny additicn
and/ cr subtraction. Multirmiication and division gre ot
the same hie erarchy. Thus, wnichever o+ the twc comes
first {treadinag frem lett to riant) €nculd be performed
first,
Exemplies:
(2) (+8) = (+2) % (~Z) = 2 - (=2) =& + 2 = 1z
) (=2) + g 7 =z = =¥ + Z = -7
e O x (=7) + g 4 4 = -35 + 2 = -3
(2) 12 / 3 x {-2) + (=4} = -1z
¥ If there are arsucing svmbois in an 2xpression,
sinplity ny el:m*we*znc the innermcet cair, P°r~:rw the
arithmetic ogp 2raticn “within these sign ez qrousing,
Repeat the srocess until  zig cairs o4 barentheses and
Bracksts are qone,
Illustrative example
ta) 6 ¢ 7 (g - I) £+ 3 (& + oa )X = &< (2x7)y o+ (Sx10) >
) = &{Z! + 30)
= & x =51
30&
te) 2¢ 2 (& - 4) + G(& + 41> = Z{(3x2T) + (ax1Q)
= Z{& + 40)
= 2 x 4¢
= G
(c) <8 (313 - 4)5 - 19 - (SxzZi>
iéxic = {19 = 10:
= 140 - ©
151,
i-:.3 LOWEST common MULTIPLE: HMigHEST ”MNGN FACTOR

i1-1.3.1. Prime and Compositse Mumbers

3

¥ Frime numbers are numbers havinag 2 ?aitcrs only,
themseives and one,

Examples:

{2} 2 = 2 % i
ib) 3= 3 x t
) S = 5 x g
{d} 7= 7 x 1
(2) 11 = g3 w« 3
(F) 13 = 13 % 3
(¥ 17 = 17 % 31
(g} 1% = 19 5%
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-1.3.2
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% Composite numbers-are number having more than two
+actors.

Examples:

(a) 4 = 4 x 1
= 2 x Z
(b)Y & = Z x 2
' = & x 1
tc) 8 = 8 x &
= 4 x 2

= Z x 2 % Z
td)y ¢ = % x 1
= 3 % 3

artmrs of a number are prime numbers which when
rcgether yields the given number.

Examples: (a)
(b}
()
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Loweset Commen Moltiti
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% Lowest o

2 set oY
)]

smmon multiple or the least commen multiple of
numbers is the smallest natural number for
ali numbers iz the cet are factors. It iz the
number that is exzactly

i g

which

o (T
<

isible by alli cf them.

3
-

¥ Step 1! Write the numbers as products of prime +actors
% TS*=p Z. Chcoccse +the +actors for  the LCM, takine each
which occurs in either or beoth.

c re 2re the same for both numbers. it
e taken the number m$ times it appears most.

(27 15 3 =
is 3 % 3.2 Z
LeM = 2 x 3 X 3 2 3 or 90
(b} 4 = 2 x Z ‘
& = Z x 3
LEm = 2 ¥ 2 ¥ 3 OR 1Z

Hichest Commen Factor

‘Higne=st common  factor (HCF) or the greatest comnon
$+actor {(GCF) is the largest natural number which is a
tzctor - of - all  numbers in & qiven set. This is the
highest value which. can divide a211 - numbers in the sei
exarctly.

"y

¥ To $find the HCF of a set of numbersg the tollowing
zsteps are to be folliowsed: )



¥ Step 1! Write the humbers 2s. product of their prime,

¥ Step 2 Choose the +actor +or E2CF, by taking each
factor which occurs in both, -

Exampples:

{(a} 13 = 3 x 3
18 = 3 % 3 %x 2
GCF is 3
(b} 4 = ZF x zZ
& = 2 x 3
GCF is Z
() 20 = 2 x 2 % 5
36 = 2 x 2 x 2 x 3

GCF is 4



. .1.2 FRACTIONS AND MIXED NUMBERS,

1-2:.1.1%

-quantity above the

.Principle 12

- the denominator by the common factors.

RATIO, PROPORTION AND PERCENT

Fundamental Principies ‘ .
Detinition-: Fraction 1is an indicated -division.
horizontal line is called
and that below the line -is the denominator.

" The
numerator

.. The -numerator and the denominator of a
fraction can be multiplied by " the same number or
expression except zero, without changing the value of the
fraction. : ‘ .

Principle Z: The numerator and the dencminatbr can
divided by the same number or expression,
withcocut changing the value of the fraction.

be
except zero.

Examples:
(1) 2 2x3 é

3 3x3 9
(2¢ & _6+3_2
' $. €+3 3

Redurction of Fractions to Lowest Terms

Rule: To reduce a fraction to its lowest term .
the numeratpor and denominator into prime
cancel the +actors common to bcocth.

a

+actor
factors and

Note: Cancellation ﬁeéns divide both the numerator and

Examples:

(1) 277108 = X x F x X _ 4
ZxZxFxZFxZFE 4

{2y 36/48 = Z x Z x F %3 _ 3
o Z x Z X 2 x Z %X ¥ = 4

'Siqng ot Fractions

Ruls 1: The sign before either term of a fraction can be
chanaed i+ the siqn before the fraction is changed. ’

Rule 2: I+ the signs of baih terms afé changed,

3 the sian
before the fractiocn must not be changed. : :

Examples:

(1y 12 =12 12
13- 13 -13

2y 3 _ .3 -3
5 -5 -5



1-Z.1.4 Fundamental Operzticns
Additicn and Sub*racticn o< Fractions: .
¥ Rule 1 Te add two or more fracticns having the same
densminatcg add their numerators and write the result
cver the common denominator,

Examples:
(2 1,5 _ 2415 _ 35
7 7 7 7 7
(2) 4 51 =
R i it
7 7 z
(3} 13 + 12 - S
13 is 15
¥ Rule 2! To subtract twe +fracticns having the same
dencminatcr, subiract the numerator cf the
subiranend +“rom the numerator of the minuend and
write the resuvli cver their commen dencominateor.,

Exampies:

(L) 10 2z 3
B = 2
11 3 il

(Z & 1 =]
g 3

38

¥ Rule 3! To add or subtrarct tractions with different
dencminators '
1. Reduce them tc eguivalent fractions with the
least commen dencminator (LCD).
2. Combine (add or subtract as inndicated) the
numerators cf these equivalent fractions. The
resull written cver the ieast common denominator
is the answuer,
2. Reduce the answer to lowest term.

Mote: The LLD cf a given se2t of dissimilar
fraction i=s eduivalent to the LOM g2 the

éencminatsg;

Examples:

{1 3 i & 5
St e too
11
S
(z) 7 3 21 &
3 T e T iz Tim
15
=712
-5
= = |
4 _ 8,7 _20 15 .7
.2 = 10 10 10 10
_ 20 - 16 +7 11
- = 1o

10 i



Multiplicaticn and Divisinn of Fraction:?

Rule 1:  The product of

* two fractions is the product of
their numerators divided by the product of their
dencminaters.,

Examples:
€1} 1 3 _ ix3 _ 3
T AT T 52 700
(2 12 3 1223 3é  or 18
S ArET F 3z T iT v

* Ruele 2! To divide 'a +racticn by ancther fraction., invert
the diviscr fracticn and creceed as in multiplicatizon co+f
tractions, ’

Exampies:
(L3 Ly e 8
7+ 3 7 S =3 £
(2r 5 ., 7 _ = & - Sxé 30 15
TTE T AT =55 S5 T w
fddition and Subtracticn of Mixed Numbers:
Definiticon: b
Mived numbers are numbers composed 0f & whole number and
a *fraclticn. xamples: 1 1/2, € 3s4
¥ Pule 1! To add two o©r more mixed humbers. the sum is
ecual te the sum ot the whole numbers added to the sum of
the fractiong.
Exenmples:
(i 2 /2 + 2 /2 2 + B ¢ 172 % /3 = T+ Bso
= F+ § = Z
123 2 Y/Z + S 273 = 24541724273 = P+3/8+4/6
‘ = 7+7/& = 8 1/¢é
¥ Fule 2Z:! To subirsct twe mized numbers, the differesncs ig
gousl to the difference beiwesn the whole numbers added
to the ditference betwesn the $fractions.
Exzmples:
{1} 8 378 - 5 2/83 =8 3/8
-5 Z2/8
. = 3 1/8 .
(2} 15 B/6 - 7 Z/74 = 18 10Q/:2
-7 9/L2
= 8 1/:Z
{3y 10 /2 - 7 7/8 = 10 4/2 = € 1278
-7 772 -7 778
= Z 5/8



Multinlication and Division eof Mixed Mumbers:

inlvying 4wo or more mixed numbers:

* Steps in multi
(1), Express ths mixed numbers to impreper $ractions.
Examples:
(1 S T/ = (4x3) + 3 = 23
=3 4
t2) €& L/Z = (2u£) + 1 = 13
z 2
lting inproper fracticns by

(2. Find the preoduct o Lthe resu
e s and oy muitipying the dencminators

Examples. -
(1) 3 2/ x & 172 = 2 13 Z3xL 3 _ 2%
) 4x -

i

mi-a

1
-
r=y
-4

¥ Stecs in dividing mixed numbers:

(1), Express the mived nunbers ts imoroper fractions.
{2) Fimd the guotient by inverting. the diviser +racticn and
Rroceed as in multislization of fraction.
Examcle: -
(1) 3 374 51/2=;2_§_ﬁl__§___2__3;x_1_2_=23x2=§§____2_3
4 2 4 i3 4xi3 52 26
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UNIT II ELEMENTARY ALGEBRA

.

BASIC NOTATIONS AND RULES IN ADDITION AND SUBTRACTION

Definition of Tgrms:

a) Similar Terms - are terms with the same literal coefficients.

Examples: (1) ~é4a, 5a
(2) xy?, 6xy?

b) Monomial Expression - is an expression with one term.

Examples: (1) 3x
(2) -4ab

c) Polynomial. Expression - it is an expression with two or more

terms separated by either (+) or (-) sign
Examples: 1.3 x 4b

(1) b2 - 6a + 4
(2) xy2 + 2y - 4x + 7

Addition and Subtraction of Algebraic Expressions:

Similar Terms:

* Rule 1 : To add or subtract similar terms, add or subtract

their numerical coefficients and then retain the

literal coefficients.

Examples: (1) -19 x + 3x - 2x = 18x

(23 zxzy + ?Xzy - xzy = Xzy

Polynomials:

* Rule 2 : To add or subtract polynomials, arrange like terms in

the same column and then apply rule 1.

Examples: (1) Add :>33ab + 6cd + xzy ;  l4ab - szy H

ab - 3cd
Sclution:
-3ab + 6¢d + xzy
l4ab -5%2y
ab - 3cd

12ab + 3cd -4xly



2-1.3
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Symbols of Grouping:

To represent that two or more terms are to be considered as
one quantity, symbels of grouping are used. These are the paren-—

theses ( ), the bracket [ 3, the braces { }, and the vinculuum

Removing the Symbols of Grouping:

* Rule 1 : Parentheses or other signé of grouping preceded” by a

-plus sign can be removed without changing the sign of

the terms.
Examples:
(1) a+(bc) = 1+b-c
(2) (x+y) + (2x - 3y) = x +y+ 2x - 3y
* Rule 2 : To remove parentheses or other signs of grouping pre-
ceded by a minus sign, change the sign of every term
within the sign of grouping.
Examples:

(1) 3a - (2b+c) = 3a - 2b - ¢
(2) 10x - (=3x -4y) + 2y = 10x + 3x + 4y + 2y

After using the two rules, combine similar terms and eXpress

the answer in simplest form.

EXampleS:
(1) (x+y) + (2x-3y) = x + y + 2x - 3y
= 3x - 2y
(2) 10x - (=3x - 4y) + 2y = 10x + 3x + 4y + 2y
= 13% + 6v
* Rule‘B ¢ To remove parentheses of other signs of grouping

within grouping symbols in an expression, first per-
form the operation in the innermost pair and repeat
the process until all pairs of parentheses or other

signs of grouping are gone.

3a - { 4 [3a + 6a (éa-b)]}
= 3a - { 4 [3a + 262® - 6ap)]}
= 3a - {12a + 96a% - 24 ab}
= 3a - 12a - 96a® + 24ab
= -8a - 96a? + 24ab
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2.2. Multiplication and Algebraic Expression

2.2.17. Iaws of ExponéntS'in Multiplication
By definition a® = a.a.a..... to n factors
Wwhere : n = exponent and is a positive integer
a = base
Fxample : Suppose a = 23
by definition of a® what is t the value of 23 ?
2% = 2.2.2=28
Consider the product : a™a™
By definition this product is equal to m a's and n a's
which is the product of m + n a's
so that : aTa® = a®™*® where m and n are positive integers

By the definition of nth power and by the commutative

axiom (ab)® = a®b® = bPa® and (aHB - ghn
Example : 1. (3X4)2 = 32x4‘2 = 9X8

2. (x7)? = x%5°

3. (x7) (x2) = x?

2.2.2. Law of Signs for Multiplication

From the following : (-a) (-b) = ab
(a) (b) = ab
(-a) (b) = -ab
(a) (-b) = -ab

it can be said that :

1. The product of two positive real numbers or of two
negative real numbers is positive.

2. The product of a positive real number and a negative

real number is negative.

4x(7x) = 28x°
~3a°(-6b) = 182°b
67 (-%x?) = —58y7x%°
~5X2(§x5} = —40x”

2.2.%. Product of Algebraic Expressions
To obtain the product of two or more monomials, of a
monomial and a polynomial and of two polynomials, the
commutative, associative and distributive axioms together
with the law of signs and the law of exponents are
employed.
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A. Products of Monomials and Polynomials. o
The following examples are used to illustrate the method
of obtaining the products of two or more monomials and g
monomial and a polynomial

5X2y2. &Xyg. 6x5y4 = 3.4.6 Xg.x.xa.yg,§2,y4

- 72X2+1+5 2+2+4

7
= 72x%F |
~4ab203. —2a3b46.6a2bc5 = -&.—2_6.a.a3.a2.b2.bg.b,cB.C.CS
= 48a6b709

3ab(2a~db+7a2b) = 5ab(2a)—5ab(-4b)+5ab(7a2b)

6a2b + 12ab? + 2183b2

(Bxgy—6xy2—8y5)(-5x5y2) 3%y (-5x752) + (~6x37) (~5%2y2)
+ (-872) (~5x357)

= -45x5y3 + BO}CAL,YL'L + 4Ox3y5

]

]

B. Product of two Polynomials.

To get the product of two polynomials the following steps

are given in order :

1. Pirst consider the second factor as a single number

2. Apply the right-hand distributive axiom

3. Complete the computation as indicated

Txamples : ‘

(—5X2+2xy+3y2)(§X3-6X2y+2xy-4y5) = (—SXED(5x3-6xgy+2xy2—4y5>
+2XY(3X3—6X2y+2xy2—4y5)
+(532>(5X3~6X23+2Xy2-¢y3)

= ~15%7+30x ty-10x3y2
+20x233+6x&y-12X532$@x235
-8xy"+ 9 Oy 2 18x2y 1oyt
~12y° '
= *?5X5+56Xay~ﬁﬁxgyg%§xgy5
ggxg%_¢2y5
C. Products of two Binomials

Given are two binomials : (ax + by) and (cx + dy)

Note that the terms of the two binominals are similar.

To get their product the right-hand éistribut;ve axiom and

the left-hand distributive theorem are used, thus :
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(ax + by)(cx + dy) = ax(cx+dy) + by(cx+dy)
= acx® + axdy + bexy + bdy2
= Hex© 4+ (ad+be)xy + bdy2
From the above illustration the following steps are deduced
1. Multiply the first terms in the binomials to obtain the
first term in the product
2. Get the algebraic sum of the products obtained by multi-
plying the first term in each binomial by the second term
in the other. This yieldsthe second term in the product.
%3, Multiply the second terms in the binomials to get the
third term in the product.
Ordinarily, these three steps can be done mentally.
Such that the product of (ax+by)(cx+dy) can be written with
no intermediate steps. :
Example : (2x~5y) (4x+3y) = px" - 14Xy - ﬂﬁyg
A A
Get these products
mentally

2X . 4xX =
(2x.35) +(~-5y.4x) =
6Xy - 20Xy =
-5y.3y =
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2-3. SPECIAL PRODUCTS

2-3.1 Product of a Monomial and a Polynomial

This is equal to the sum of product of the monomial and each of the

terms in the polynomial expression giving extra care to signs and

exponents.
Examples:
l. a%cd (a -bc -d) = a%cd - a?be?d + a®cd?
2. 3% (5x* - 2xy + 3 y3) = 15 x4y - 6 xy? + 9 x3y3
3. -2m®pq® (5mp - 3 pq? + 4 m’pq) = 10 m’p2q® + 6 mzpzqs--gm‘*ng4

2-3.2 Square of a Binomial

The product is equal to the sum of the square of the first term in
the binomial, the product of the two terms taken twice, and the
square of the second term.

Examples:

Lo (x+)?% = 2 +2:0@) + ()2 = x2 4+ 2 Xy + y2

2. (XY = () + 2 (x)(-y) + (-y)% = x* - 2 xy + y2

Lod
o~
Lol

[

i
o
o
St
N

it

{(3a)% + 2 {3a)(-2b) + {(-2b)*2
= 9a?® - 12ab + 4p?

2-3.3 Product of a Sum and a Difference of Two Numbers

Let x be the first number and y, the other number.

Therefore,
Sum = x + vy .
Difference = x -y
Product = (x+9) (x-y) = (x)? - (y)* = x? - y2
The product is equal to the difference of the square of the two
numbers,
.Exampies:
1. (32 - 2b) (3a + 2b) = (3a)? = (2b)2 = 932 - 4p2

2. (%% + 5y) (7x* - 5y) = (7x%)% - (5902 = 49 x4 - 25 y2
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T

2-3.4 Product of a Binomial and a Trinomial of three types:

* z . 2y = x? 3
(x + y) (% Xy +y ) = +y trinomial
} L binomial
*(x-y) (x* +xy +y3) = x*-y3

As indicated on the right side of the equality sign, the product
is equal to the sum/difference of the cubes of the two terms in
the binomial expression. Note: The first and the third terms in
the trinomial factor are the squares of the first and second terms
in the binomial factor, respectively. The negative of the product

of the two terms in the binomial constitute the middle term of the

trinomial.
Examples:
1. (2x + 3y) (4x? - 6xy + 9y%) = (2x)® + (3y)® = 8x® + 27y?
2. (m® - 7p) (m® + 7m*p + 49p%) = (m?)? - (7p)?
= md - 343 p?
3. (52 - 2b) (25a% + 10 ab + 4b%?) = (5a)3® - (2b)3
= 125 a®* - 8b3

2-3.5 Square of Polynomial

The product of a square of a polynomial is equal to the sum of the
squares of each term in the expression increased by the algebraic sum
of twice the product of each term by every term that follows it.

Examples:

1. (@a-b+c+d-e)? = (a)? + (-b)* + (c)? + (d)* + (-e)?
| +2(a) (-b) + 2(a)(c) + 2 (2)(d)
+ 2 (a)(-e) + 2(-b)(c) + 2(-b)(d)
+ 2(-b)(=e) + 2(c)(d) + 2(c)(e)
+ 2 (d)(-e)
(a-b+c+d-e)? = a? + b2 + c? + d? + e? - 2ab + 2ac
+ 2ad - 2ae - 2Zbc ~ 2bd + Zbe + 2 c¢d
- 2ce — 2de
Terms that follow a: -b, #c, +d, and -e
Terms that follow -b: +c, +d, and -e
Terms that follow ¢: +d and -e
Sole term that follows d: -e
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il

2 -
2. 2ps = 3q + 5t)2 (2p)? + (-3q) =+ (5t)% + 2 §2p)(—3q)“'
+ 2 (2p)(5t) + 2 (-3q)(5t)

= 4p? + 9q% + 25t? - 12pq + 20pt - 30qt

Terms in the polynomial: 2p, -3q and 5t
Terms that follow 2p: -3q and St
Sole term that follows -3q: 5

Expansion of a Binomial of the Type: (x + y)% or (x - y)B

were n is a positive rlteger

(x + Y1 = xM 4 i1y 4 n(n-1) yn- ~2y2 4 n(n-1)(n-2) x03)y3
2! 31
+ n(n-1)(n-2)(n-3) Xn—4y4 .. + oyl 4 7
4!
p! = p factorial = (p) (p-1) (p-2) (p-3) ... 1
Prop erties of the Binomial Expansion (x i‘y)n:
1. The first term in the expansion = xI
2. The second term = nxn‘ly
3. The esponent of x decreases by one and the eEponent of y
increases by one from term to term.
4 There are N+l terms in the expansion.
5. The last term or (n+l)st term is yo.
6 The second to the last term of the expansion = nxyn“l
7. The sum of the exponents of x and ¥ in any term is n.
Examples:
L. (a-2b)* = (a)* + 4(a)? (=2b) + (4)(3) (a)? (-2b)?
(2y(D)
+ (4)(3)(2) (a)(=2b)? + (4)(3)(2)(1) (&29}&
(28)(2)(1) (4)(3)(2)(1)
(a-2b)% = a* + 4a?(-2b) + 6a2(4b?) + 4a(-8b%) + L6bs

= a% - 8a% + 24a?b? - 32ab® + 16b%

it

2. | (2x + 5y)° (2%)°® + 3(2x)2(+§y) + gggggg (2x)(+5y)2

+ (3)(2)(1) (+5y)°2
[€)ICAIEN)

i

8%* + 3(4x2)(+5y) + 3(2x)(25y*) + 125y3
8x* + 60x3%y + 150xy? + 125y°

it

Note that the signs of the terms in the expansion (x+y)P
are all positive while that of (x-y)® are alternate posi-
tive and negative.
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2-3.6.2 The rth term of the Binomial Expansion (x+y)™

rth term = n(n-1)(n-2) .... (n-r+2) xn’r+lyr~l
(r - 1)!

Examples:

1. 6th term of (a - 2b)°

= 6
n = 9 (9-6+2)
-
6th term = (9)(8)(7)96)(5) . (a)?-6+l(_pp)6-1
EIIEIEIIEN)
= 126 a* (-2b)5 = 126 a% (-32b9)
= -4032a%p5

2. 5th term of (2x + 3y)10

r = 5
-5+2)
n = 10 Qﬂj?i,
‘5th term = (10)(9)(8)(7) , (2x)19-5+1(3y)5-1
(4)(3)(2)(1)
= 210 (2x)® (3y)* = 210 (64 xB) (81y%)

= 1088640x0y4
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2-% DIVISION OF ALGEZZRATC EYPRESSI(N

2-4.1 Law of Sign for Divisicn:
The quotient of two positive or tvo rezztive numbers

is positive. Tie quctient cf a rositive and a rezative or z

negative number znd a tcsitive nusbér is negative.,

2-4.,2 Exponentizl Rule of Divigion

The quotient of 2 ‘mumher raised teo 2 certain-power.
divided by the szme numper raised to another pewer is egual .
to that number rzised to the difference between the Tovers
of the dividend znd the diviszor.

Hence,

e o e

2-L.3 Division of Multingrial by Moneoniegl

32 gest 2 TR gy et T e S R 5% gt 1 . E
A Qavice zulitincmizl oy 2 nonozial, divide zzeh LEZs oI

.. e . _ _ B
the muliinomizl by & monmezicl and e¥Xpress tze result as an

IZlusirziicn:
= >
Sivide Zxy - fivT o+ 12 By I
2 . rd Z ’
5 oEy - Giy” o+ dzn | 2"y . 6xy© - 1%

IR ) 2
== =52 3 * e T XY - 277 + &

2~k 3,1 Divisicn of !uliiingrial oy Fultinocd

.
5 e IR N

. 2 3 L. a™ & oS ) S . R
Steprs in dividing multings=:a21 C¥ 2 mrliitinemia]
= e G i 1 = - = b 3T s 2 -
l. Arrance the iferss in ths CLvicene and divisor in order
F-3 3 ] . . = - e e . s . -
C: Gescending zowers of a letier thaot avnesrs in cack,
sy Tod wwal 3 - £ 4 e t o £ s E-
Ze vice the first tarz in the tivicens by the first ftewq
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ITllustraticn 2:

Divide 6a
2

52 + 6a -

o=

[BRY
o 0h

22”7 - bka - 3

2a2

)6&

. ,{_,a -
1223

(Quotient)

3a + 6 (Dividend)

(Divisor) 62 - %a
.. 3 2
12a” - 322" + 3z +C;
122.3 - - 18z

. 2

oo

2la + &
16a + 12

5a - 6 f(Reﬁaindér}

P R W

3 Nv-—,\-—.‘-u
R ket
SPSLERTIIREC B

PREN -~ B e i TR S

ke S o s CLURULLICL W
e L W e e R oo -
2n tiz civizcr in thas lstier choa

rola’

=< rn

P S
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Hencz, we nave -~
!, =
Fiars - - -
ba - Liza 'r‘\avé -z ....__6
— P 6,.., - L'_ + 2o
= = & t a : 3
- -
2a" - La - 5 22" - Lg - 3
o oy . ot - S
2-b. b Syntactic Divizisn
b cap doerczoe the lator Smmaiead e Ra Ty mrr AR S e T
w8 can dgcrcage the lzator involied i= <& TTosLI o finadis

the cuctiznt 2=d r remainder when the polynomizl 44 = fa di-ds

" .
o LOET
PO S . PO SR —— e T Y
07 Cie use i oa wrcczZz Incvin zs \u« DRIgTLC Joiwizicn,
- o ER JoE e Y Erd AT T . PR N T .
+4 crdor o divides T by u - r synitleticallw:
- o P - TR -« WA S SN VY R 5
Lo A::'a:;;e CliT coszilcilane o Filx, i crier (o) --:SCGILL‘...I‘.J
Iy ey D ey et el I e T e b oY N AP RS A e 4 te
JCLETE O M, BULILIYLNE ZE8IC a3 tlie ccefficizns CI T e
.
ZIEslng zower,
P 23, s . o+
2. Rezlace the diviser . x - © by +»
e AT g, e E-F X SRt SN N -~ s - . v =
Je ZrZni COun the ccefficicsnt of the ;ar;est souer of ;,
c

Iilustration:

Determine the quotient znd %ée remaincder by dividing
Ex -+ x3 - léx + 33 by x + 2 syneheplcal?y.

Since x = r =% + 2, we have r = =2, Upon writing the coe-
fficient of the dividend in =2 line, s%p;iyiﬁg zero as the
coefficient of the missing term in x, and carrving out the
steps of synthetic division, we have
2+1-16 0+18 |-2
- L+ 6+ 20 - 40

g 2~3-1@+2a-22

*ffw’ o  Henmce, the quctleni is 2x3 3x - TOx + ZG ‘and the
R C >rema1nder i f(aa} = =22, " -
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Algebraic Fractions -~ Hultiplication and Division

The Pundamental Principle of Fractions

The value of the fraction is not changed when both its terms,
i.e., the numerator and the denominator, are multiplied by or
divided by the same number except zero.

If a fraction be denoted by where x is the numerator and

any number which is not equal
to zero, then in accordance with the fundamental principle,

vy is tae denominator, and if k is

E#0

Siegns of a Praction

There are three signs associated with a fraction namely:
the sign of the numerator, the sign of the denominator and the
sign of the fraction itself. iny two of these three sisns can be
change without changing the value of the fraction.

BExample
: -a _ - _ _ *= _ a2 _ 2
(1) + = 5 = o =t 3 T %
T 4 al(x = g =E = B8 = %)
(2) + P = * (a - x)
- -(x + a) or,

A(x + aj(a - x)
- (a2 - x)

i

(x4 a)(x - a)
(-2 + x)

il

- {x + a)
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2.5.3 Reduction of Fractions to Lowest Term

To reduce a Ifraction to its lowest term ;

1. Factor the terms oI the fraction which are factorable

Apply the rule for changing the signs in a fraction if
necessary,

3. Divide both numerator and derominator by the hizghest
factor common to the terms. This is equivalent to the
process of cancelling the same factors from the teras
of the fraction.

Example 1

Reduce the following to lowest terns.

2
(&) 5 (& =L
X7

Solutions:

(a) The hignest factor common to the terms 10 and 15 is 5
Hence, 10 _ 10+5 _ 2
15 15+ 5 3

(b) The highest number which is a common Factor to bo th

~4x2y and Sxyz is 4zy; thus
2 2. . '
=4xF _ =43y = 4 - =X
sy  Saxmy® 2 axy =
Example 2
Reduce the following to lowest term.
(2) xz - 2X + 1 (b) 23 - 8
x2 + X -2 Coxl 4

Solution; The highest number common &s a factor to the terms of

~the given fraction is not immediately apparent in their present -

form. There is a need, therefore, to factor first the terms of
the fraction. Hence,
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a) ¥ =-2x+1 _ (z~T(x-1) _ x-1
x2+x~2 (z—T)(x + 2) X 2
3 : . 2 2 .

b) 0 -8 _ (z—=N(x"+2x+4) _ x4 2%x 44
X2-4 (x—2)(% + 2) “'— z + 2

2.5.4 ¥rltiplication of Practions

The product of two or more fractions is equal to the product

of the numerators divided by the

product of the denominators.

Thus if .% and -g- are any two fractions
-a-' o < = "ag
D d - ba
Examplie 1
F111 4 .2. X .g.;'.
Multiply 3 oy Z
Sclution 1 2,2 _ 42 _ 4226 _ 7
3 % 2 12 = 126 2
Solution 2. 2.2 _ 2 37T _ 27 _ 1
3 4 T3 2:2 — P ZF2 2
Example 2
Multiply x° = 2x+1 by x0 + 1
Cx- 1 x0 -1
Solution x° - 2x + 1 x3+1 (x =W (x-1) (x+ l)(xz—x+l)
12-1 13—-1 (x - L)(x + 1) (x-l)(x2+x+1)

MMM(IE - X 4+ 1)
(=T (z=T)(=+TJ(x° + x + 1)

xze-xélﬂ
x2+x~§=l




2. 5.5

- 27 -

Thus to multipgly a fraction by one or more fractions;

1. Pactor all the terms of the fractions which are factorable.

2. Apply the rule for changing sizns in a Tfraction, i? necessary.

3. Divide the teras of the fractions by the common factors. V

4. The required product is equal to the products of all the re-
maining factors in the numerators divided by the product of all
the remaining factors in the denominators.

Division of Practions

The guotient of two numbers may oe expressed as the product of
the dividend by tue reciprocal of the divisor.

= b = L - a
a = b= 2. 5 = 3

where a and b are any two numbers provided b £ 0. It follows from
this therefore, that the quotient of two fractions is equal to the

product of the fractional dividend and the reciprocal of the frac.
tional divisor.

Example 1 4 . 6 _4_ 5 _2.2 5 _ 19
T 5778 T 2-3 7 21
Example 2
2X - 4 . 5% - 10 2x - 4 6
9 ’ - ) 5z - 10
. 2 x =7 . 243
- 3.3 5§§:::25
_ 4
- 15
Example 3
xz + 4x = 12 - xz - 4z 4+ 4 — xz + 4x - 12 . 4 - 22

36 - 12' : 4 - 12 36 - x2 22 - 4% + 4
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A(2 + x)(2 - Xy -

(x + 6)(x - 2)

{6 + )6 - x) *° (x-2)(x- 2}
() (2m2)(2 + X)(2 = X

-6 +%)(6- x)(z2~2)(x - 2)

(z + 2Y(x ~2)

(x —iﬂ(§;~/2)

X + 2
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ationsg in

g€ar agu

a solution ln common.

2~6

- 2 Graphical Solution

Two Unknowns

2IZ0US LIHEAR EQUATICHS

whe

twe o r

Same unknowns and have

of Two Linear Equations in

Tyhe of ' Di St’ﬁghlsblng !

Ezch

No point

Characteristic ' Solution
EFusslan Features ! of Graphs !

Dependent The 2 equations They coincide. Hawe:infinite
ZEquations are equivalent. number of so-
‘ One of them lutions.

could be deter- point that falls
mined by multi- on both limes
plying the Left is a solution.
and the Right
members of the
other equation
by a certain
constant.
Inconsis- The Left member They are para- No solution at
tent Equa- of one of the llel. all,
tions -equations is a

Consistent
Equations

higher multiple
of the Left mem-
ber of the other,

There is no de-
finite pattern -
of relation bet-
weernt the Left
and the Right
members of the
two eguations.

They intersect
at one and only

one point,

in common.

Have one solu-
tion- the coor-
dinates of<khe
point where the

two lines inter—

sect..

Examples:

1. Dependent Eguations

. Egn.
Egn.

1.
2.

2x-3y = 1
Sx«gy = 3

§i§tinguishi§g Eegtgrﬁé

S(Eqngﬁl):é

33{(2}(«3}7) :i.]
PEx-9y =
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Grzphs ang Solutiong

Granhs coincide. Each point on the lines
serves as a soluticn., And there ars infi-
nite number of solutions as the lines can
be extended on both ends. Some of tke
soluticns are (0,-1/3), (1/2,C), and (5,3).

2. Inconsistent Egquations

S

1o

Egn. 1. 2x- vV istinguishing Features

4 4 1Left memberz# Left member]
of Egn. 1 f Egn. 2
2 4(2x- y)
» 8x - 4y

Eqn. 2. 8x-4y

Graphs are parallel. No Solution. There
is no point in commoen.

3. Consistent Equations

Eqn. 1 4x+ y = -1 Distinguishing Features

Egqn. 2. x=z3y

i

8 No definite pattern of re-
lationship between the mem-
bers of the two equations.
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Crazpns an clution
CGrep d Scoluti
72

*—‘?‘);u: g

There is one solution. It is locateg
at the point of intersection of the
lines. The cocrdinates of that poin=
are x=-1, and y=2,

Refer to 2.9 for the procedure in constructing graphs.

=-3.% Analytical Solutions of Two Consistent Linear
Equaticns in Two Unknowns '

The three analytical methods forwarded here are:

Elimination of a variable by addition or subtraction,
Elimination of a varable

Elimination of a variable by substitution, and solutianr

by means of Determinants.

Hereafter, only consistent equations will be con-
sidered,

-3.1 Elimination of a Varisble by Additon or Subtraction
STEPS: '

1. Select the unknown that will be eazsier to eliminate.
This is based on the coefficients of the unknowns.

2. Find the LCM of the two coefficients of the chosen
unknown. i

3. Multiply each equation by the quoffentocf the LCM
and the coefficient of the variable (step 1) in
that equation.

4. Add/subtract the corresponding members of the equa~
- tions obtained in step 3, depending on whether the

terms containing the selected unknown have unlike
or like signs. ‘

(4]
®

Solve the resulting equation for the variable that
remains.
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[}

Ty g Fed bee g ke it SRtIc

te Sm

. ubstibtucts zlus chtained in ztéep S in ong of
the given (originel) equations znd solve for the
other unknown.

7. The solution , x = and y= ___, is cbtained by

f‘lllﬂg up the blankz with the values obtazined in
sters 5 and 8.

¢

[&y]
3

Check b substiftuting these values
original eq uaticn not used in sx

inn the other

Example: Solve the follorlng consistent equations by

eliminating ~7 a variable by addit on/subtraction.

Equation 1. 3x - 2y 186

it

Equation 2. 2x + y = 5

Solution:

Suppose x is selected to be eliminated. The LCH
of the coegficients of x is 6. Divide 6 by 3 andthen
by 2 to obtain 2 and 3, respectively.

6x - 4y = 32 Mul tiplying eqn. 1 by 2 (the
quotient obtained by the LCM
and..the .coefficent of x)peqn. 3

. :6x + 3y = 18 Multiplying eqn. 2 by 3¢eqn. 4.
) (=) (=)
-7y = 14 Subtracting egn. 4 from eqn. 3.
y ==2 - Dividing both members by -7.

By substituting y=-2 in eqn 1, we get

3x -2(-2) = 186

3z +4 = 16 - Performing the indicated multi-
plication.
3x = 12 Transposing and collecting terms
x = 4 Dividing both members of the
eqn by 3.

Hence, the solution is x=4,y=-2.

Since eqn 1 was used in the process of obtaining
the value of x, checking will be done 1n eqn 2. BSubs-
tituting the obtalned solution,

2% + ¥y =6

6

it

2(4) + (-2)

8 -~ 2 =686
Thz soluticn checlks,
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=2.2 IZliginaticrn 27 = frilable by Iubstitutisa
An elternative solution i1t by solving either of
the eguations for ons of the unknovms in tapms of the

sutstituing

in the sscong

STEPS:
1. For the sake of definitiveness, assume that the
WO equations are in terms of x and y unxnowns.

Sclve one of the equations for x in terms of y.

2. Substitute the linear function of y obtained in
step 1 for x ir the secong equation to obtain ar
eguaticn that contains only the unknown V.

3. ©Solve the equation for V.

4. Substitute the value of y cbtained in step 3 in
the equation cbtained in Step 1 and then calculate
the value of x.

5. The solution, x=___and ¥=eew", 1s obtained by filling
up the blanks with the values obtained in steps
3 and 4.

6. Check by substituing the solution in the original

equation not used in step 1.

Example: Solve for x and ¥y by suétitution method,

Equation 1. 2x - 3v = -4A
Equation Eak 3x + y= 5
Solution:

Solving for x in terms of y in equation 1,

2X - 3y = -4

’2X = 3y - 4
"X = 3v - 4 ,
2 Call this equation 3.

Substituting this value for x in equation 2
and then solving for ‘

3X +y =

!

5

3[3? 4]‘+ Y o=

4]

the value of Vs
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Ser - 17 o= o)

2
ooy - 12 + ¥ = 2[_5]

”~
[

9y - 12 4+ 2v = 1D

Lir = 22

vy o= 2

"
i

W
4
B

Check by substituting y=2 and xz=1 in equation 2.
3x + y =8

3(1) +2=

n

3 +2 =5

The solution checks.

-3.3 Solution of Two consistent Linear Equationé by

Means of Determinants

The preceding algebraic methods for solving sys-
tems of equations can be extended to three or more
linear equations‘  But, the labor involved in such
solutions becomes censiderable as the number of §&'
guations in the system increases. At this point, the
solution by determinants will be much of help,i

Consider two consistent equations in x and v,

Say,

ax +'by

it

m . equation 1

oxX o+ d§ = I equation 2

Define the square array of numbers (taken from the

coefficients of x and y) to be equal to the pro-
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ot miTh* 5 The mraduaat
of the dizgonal to ks 122t. OTbsarve tﬁat the numbers
ars in the same relative positions they have in equations
L and 2

a h
,‘X; = o - bo
¥ %
Deer Priaut

This is known as the determinant of the coefficients.

It is a determinant of the second order because it

has

‘TEPS in Solving Anx P

ai
by Means of Detérminants

1.

twe rows and two columns.

lr of Consigtent Linear Zcuat

-

"
Q
3
6]

Transpose and arrange the terms in the equations

S0 that the constant terms appear on the right

and the terms involving the variables occur in

the same order on the ieft. See forms of equations
1 and 2.

Express each solution (the value of each unknown)

as the quotient of two determinants. 1In each case,

the divisor is the determinant of the coefficients.

The dividend in the value of each unknown is the

determinant formed by replacing the coefficients

of this unknown in the determinant of the coeffi-
ients by the constant terms, which in equations

1 and 2 are I and n.

— NOTE: The corresponding canstang
)/,/’/’/’~—~_- terms replaced the coeffi-
cients of x.
X |
1 di = md -bn

Ii;x::l ad - be

o

X =

.

!

ol

ad - be

XX

.
|

e

NOTE: The corresponding consbant
' terms replaced the coeffi.
c1ents of y. ‘
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i Motine thet Tthe zonotiorzs nre zlresdes
in the form ax + by = constent The deter-
minzrnt of the coefficients is:

2 -1 ;
D =[3 ;-4\‘ = 2(-4) - (-1)(3)=(-8)-(-3)==3+3==5

To obtain the dividend for x, replace the coeffi-

cients of x, 2 and 3, by the constant terms 4
and 1. Therefore,

4 1
1 -4
x = = 4(=4) - (=1)(1) =(-16)-(-1)=-15 = 3
0 ‘ _5 _5 5
Similarly,
Iz 41 ’
y =13 1] = 2(1)-(4)(3) =2 = 12 = 210 = 2
D -5 _5 -5

The solution x=3, y=2 may be checked in either

‘of the given equations by substitution.

An alternative way of solﬁring for the value

of y after ¢btaining the value of x by deter-
minants is by substituting the value of x in
edther of the givén 4equations, then calcula-
ting for y. Here, checking could be done using
thé other given equation. ‘



e~ - e
- +a ~ TV -,
= 378 CTsm i 7 ‘

a,x + b,y + c,= = dl sguation 1
e

~ D TS - At e e A
Zom TovAl T A = “ey - & UL T 2z
&,% + by + Cs2 = d, eguation 3
A d s

‘Determine the determinant of the coefficients.

Form the square array of numbers out of coefficients

cf the variables x, ¥, and z. This has a value e-
8 b1 o
a2 b2 c,
23 b3 cg

qual to albzc3 + a3b102 + a2b3cl - a3b2cl - albac2

-a2bl 3° This is obtained by rewriting the first
two columns and multipying the terms as indicated
by the arrows. Sum up the product of the diagonals

Aal b1 cq a, b1 tid 2 bl
a b C = |a b c b
2 2 2 %//, 2~<( 2 2\\\
a2y by cg by a b

3 3 3
TSN Ny
to the right. Then subtract from thls, the sum of
‘all the product of the diagonals to the left. Note
however, that the coefficients themselves have signs.
Following the directions of the arrows, the value of
the determinant of the coefficients is obtained as
follows: |

D :‘albzcs . b1§2a3~+ clazbs - clbza3 - AL

(5 £ -, I B e —— R ETr P L =5 S, P N e
ihis would give thsz same valus as gt oI Tthe abcve
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Hdence,
HCTZ: x coeificlients replaced bv the
// corresponding constant terms.
a o} c.,
1 1 1
d2 b2 .
o)
N dz Py cg ,
X =4 = H D#0
D D
where:
N_ represents the determinant in the
9
rumerator <f the values of x, and
D is the determinant of the coefficients.
Similarly,

NOTE: y coefficients replaced by the
corresponding constant terms.

3 » D#0

NOTE: =z coefficients replaced by the
corresponding constant térms.

&, by 44
a, by, dy
N 13 bz d , D 4O
A e =
D D
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Example Solve
3% + 2y = =z = 12 €quation 1
X+ v+ z= 5 €Cuation 2.
X =2y - z = .2 “eguation 3
SLuUlC&T@OUSl‘ ty use of determinarts,

Sclutiocn:

()
{
Y

(03]

()b =2 1 1
‘ 1 -2 -1

(R

-2

D (3)(1)( 1)+ (2)(1)(1) + (- D(1)(-2) - (-1)(1)(1)
-(3)(1)(-2) - (2)(1)(-1) '
==3+2+24+1+686 + 2

D = 10

(2) For the numerator of X, replace the coefficients
of x in D by the constant terms,

12 2 -1 12
N_ =] 5 1 1 6 1
-2 -2 -1 -2 -2

i

(<12 -4 + 12) —(2 —24 -12)

N (-4) - (=34) = -4 4+ 34 - 30

X

it

(3) For the numerator of ¥y, replace the coefficients
of ¥ in D by the constant terms,

3 12 _-1] 3 12
N =11 6 1] 1 6
-2 -1f 1 -2

L

(<18 + 12 + 2) = (=6 - 6 - 12)
(- 4) = ( =24) = _a + 24 = 20

'€4} Therefore,

f
1

x=N =30=3 and y-N 20 = 2.
7= 10 L 15

!l



L

(03]

- 40 -

The value of z can alsc be determined by determinants
but substituting the values of x and y in either of

the original equations would be faster. Using equa-

tiorn I we get
3 - 2(2) -z = =2
zZ = +1

Check by substitution in either of the other two

equetions.
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UNIT TIT TRIGONOMETRY
- Logarithm, Antilog, Use of Tables

M 3-1
3~1.1. Definition of Logarithm of 2 number

In 8 2), the relationshiv that exists between § and 3 is the
exponent oI the power.to which 2 must be raised to produce

8.

The relaticnship between 3 and 8 can be indicated by the term
"logarithn', Since > 1s the exponent to which 2 must be
raised tc :btain 8, then 3 is the logarithm of 8 to the
base 2,

Therfore: "logarithm" of & positive number for a given base
is the exponent that indiczates the power to which

the base must be raised in order to obtain the
number,

Thus: long =1L

where: bL = N

. Examples:

Te log864 =2 ;ince 82 = 64
logh6h = 3 since 45 =-64.
1ogé}9 = 1 since BT%==9
log,1 =0 since a0 = 1

2. Find the value of N 4if log N = 2
log N = 2, indicates that 72 = g
therfore: N 49
3. If 1ogb125 = 3, find the value of b
B =125
b :5725 =5 by extracting the cuberoot of

both members to solve for b; by
the law of exponents,

L, Find a if 10g,53 = 9
1 27%= 3 or 3 = 272

3 = (33)a : by the law of exponents
Hence,it follows that 3a = 1, then: a = 1/3

R ———————
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* .

5~1.1.1. Characteristic znd Mantissa
Reviewlng: Scientific Notation
H=N7(10%)
where: N = positive number not equal to 1
N'=1s a number greater than or equzl to 1,
but lesz than 10 ( 1 N 10)
c=is an integer
Consider the following situations:

1. If N=10, then c =21

Txzmple, 231= 2.31%10°

ny
®

If ¥ 41, then c €0

Example, 0.035 =3.521072

Wil
*®

If 1<KH (10, then,N=N' znd ¢ =0
Examvle, 8.51::8.31XTCO, since TOoz 1

Lpplying now the properties of logarithm, then:
log H=1log N'+log 10°
= log N'*c\Log 10

= log N'+c, since loglO =1

Therfore: 10g N=c+logN!'

Since 14N'<10, it follows that 10°< W <10’
Hence C<'1cg§’<3

From log N=c +1logN', it can be seen that the
common logarithm of any positive number net
egual to 1.

Then, the common logarithm of z positive number
is expressed as an intege r plus a nonnega-
tive decimal fraction, the integer is called
the charavteristic of the logarithm and the
decimal fraction is cslled the mantisszs.
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In the expression for log N = c+log ', the characteristic
is the integer ¢ and the maniissa is log N', where
C 1s the exvponent of 10 in the scientific notation

for H,

The characteristic of the common logarithm of & rOsitive number
N is numerically egual totthe numoer of digits bet-
ween the reference position ang the decimal voint
in ¥ 2nd is positive or negztive according as the
decimal voint is to the right or to the left of the
reference nosition, |

. Use of Tabls of Logarithm
«1. Use of Tzbles to obtaih the Mantissa
The mantissa of the logarithm of 2 number as previously

'discussed,bis not affected by the position of the decimal
point in the number, '

Steps in Finding the Mzantissas 0f three non-zero digit numbers:

1. Temporarily disregarding the decimal point, look for
the first two digits in the table in the column headed
by N.

2. In line with the.first two digits under column N angd

across the page in the column hesded by the third«digit,
find the entry.

5. Place a decimal point to the left of the entry, hence
~ the mentissa of the logarithm of the number,

Examples:
'+ Find the mantissa of the logarithm of 3.2 7,
From the table: ‘ '
NOT.251+56789

2 | - s

The mantissa of the logarithm of 3.27 is 0.5145

since, the decimal point in 3.27 is in the reference po-
sition, the characteristic of the logarithm is zero,
Therefore: log 3,27 = 0,5145 . o
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Find the mantissa of the logarithm of 0,0063L.
From the Table: “

N 0 1 2 3 L 5 6 7 8 S
63 : 8021 | '
the mantissa of the logarithm (ml) of 0.00634 is 0.80271,
Singe the decimal point in 0.0063L4 is 3 places to.the left
of the reference position then the characteristic of the
logarithm ef 0.00634 is -3, which can be written as 7-10.

Therefore:
log 0.00634 = 7.8021-10

Cases To be Considered when Finding Mantissa of the logarithm
of a number: -

1. If 2 number is composed of fewer than three digits,

mentally annex one or two zeros zt the right and proceed
as before, “

Example: ml 52=m1520, ml6 = ml600

2. If all the digits in a number after the third are zeros,
- disregard them in the process.

3. If 2 number is composed of four digits, the mantissa is
obtzined by a method known zs lineazr interpodation.
Exzmple: 1. Find ml 4L12.8
Since: L12.8 is between 412 and QE;, ml 412, 8
is between ml L1Z and ml L13.

From the table-

i rl 413 = 0.6160 |
v > [.ml 412:8= X ] ) ]w 0.0011

1~ 0.00717

i

x-0.6149 = 0.8(0.0011)
| % = 0.61L9 + 0,0088 4 8-00c9

= 0.6158, hence the mantissa of the
log of L12.8
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Example 2. Find the mantisss of logarithm of 0.00632L,

-Since the position of the decimal point has no effect on
the mantissa, then:’

ml 0.00632L = ml 632

Note that 632.L4 is between 632 and 633. Hence,

Ok A[

ml

33 = 0.8014
2o pon 0.0007

J X-0,2007
1 632 =0,80C7 V

H H
bt
oy ON

O.b x-0.3007
1 0.0007

x = (0.4x0.0007)+ 0.8007
= 0,8010

Since the decimel noint in 0.00632% is three niaces to the
left of the reference position, then: ‘

log 0.006324 = 7,8010-10

From the foregoing examples the following a re tha steps
in interpolation:

1.

2.

Temporarily place the decimal point between the third
and fourth digits of the given number,

Find the difference between the mantissa of the loga-
rithms Of the two 3-digit numbers between which the
given number lies,

3. Muliply the difference between the two mantissas by

the fourth digit of the given number considered ag a

~decimal fraction,

Add the product obtained in step 3 to the smaller of

the mantissas in step 2,

*If a2 number contains more than four digits, round it

off to four places and proceed. as before,
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3-142.2. Use of Tebles to find N when log N is Given

| The pfocess is illustrated by the following examples: .
1) Find»N if log N = 1.6191V
| Procedure:

1. Find the mantissa 0.6191, in the body of the tables.
Hence, in the tables find the mantissa starting with
61, then look through these until 6191 is located,
6191 is in line with 41 (in the cclumn headed by N)
and is in the column headed by 6. Thus, N is made
up of the digits L416. o

2. Place the decimal point; Since the characteristié
of log N is T,Zthe decima; point is one place to the
right of the reference posifion‘and hence is between
1 and 6. Therfore: N 41,6,

N o0 i 2 3% 4 5 & =7 .8 g
41 ’ ' 6191

2) If m1 ¥ is not listed in .the tables, then interpolation
is done.

Steps:

7. Let T = number composed of the first four digits
in N and shall determine T,

2. Place the decimel point by considering the cha-
racteristic and thus get N,

Example: Find ¥ if log N = 5.4978

The mantissa 0,.978 is not listed in tze table,
but the two mentissas nezrest to it are 0,.L369 and 0.4983, .
These two mantissas are ml 3,140 zand ml 3,150,’respectéve—
1y. (zero is added in each case in order to obtain four
places for use in intersolstion.)

| log N = 5.4978
”  0.4983=ml 3,150

[o.z@?a:mzy ] 3150
0.4959=m1 3140 4

10
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By rztio and proportion:

9 _ T-3140

i 10

~314 Q

T ,’1 rO: 12‘ X 10

T =3,10+6.4 = 3,146

Since the characteristic of log N is 5, then
peint in N five vlaces to the right of the

Hence,

-
e g
1

L}

314,600
3.1&6 X 305

s Since the
T accuracy
is the fourth vlace,

. —
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3.2, THE UMIT CIRCLE , TRICOMDMETRIC FUNCTIONS  AND PLANE ANGLES -

M 3-21 The Unit Circle

‘The circle whose radius is one unit long and whose
center is the origin of a rectangular coordinate system
is called the unit circle.

MB*—é.l.lThe Trigonomeiric Points

Start at the point A(1,0) on a unit circle and measure
along the circumference an arc of length 't units, If t is po-
sitive, measure the arc in the counterclocwise direction; it
t is negative, measure tne arc in the clockwise direction.
This locates a unique point on the unit circle (Fig. A). We
call the point thus located the trigonometric point P(t).

4 4

P
A \ ‘
L A -9
- i:C) Alhe X

) } » 0

/' Fie A t

p

When t = 0, P(0) is the trigonometric point A(1,0). Since the
circumference of the unit circle is 27 ‘units, one~half the
circumference is IT units, one~fourth the circumferemce is T/2
units, etc. Hence, when t = 7/2, P( W/2) is the point (0,1)
Also, P(T ) is the peint (=1,0); P(37W /2) is the point (0,-1)
(Fig. B). To locate trigonometric point, we let the coordinates
be (x3;y) and since P(t) is 1 unit from the origin, it follows
that the equation of the circle is ‘

x4+ y% = 1
1f one of the coordinates of the point P(%t) is known, we can
use the above equation to find the other coordinate.

Y : 4 8

Pl

)
N ol TN\ 77T\

c a* ' 0 L‘{Es}x -0 ae)”
\' ' 9 ‘ Fig.B :

: T
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Example

-

‘Find the coordinate of tae

trigonometric point P(T/4)

: SYNS

i
x2 + y2 = 1, we have
x2 + x2 = 1

2% = 1 , Solying x

r= L d2-

= 2 = 2
2

Y:X::"g-

Therefofé, the coordinates of the trigcnometric point P( T /4)
e ofde 2
2 2

32.2Trigonometric Functions

Let us consider the anzle & (Fig.D) which has been genera-
ted by rotating about the origin starting from coinsidence with
CA. Take any point on its terminal side. With this point are as-
sociated three values; the abscissa X, the ordinate ¥V and the
radius vector r. Therefore we can define them with respect to

the unit circle where r = 1, as follows
N
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. o~ ' ordinate
Sine € (8iu €) = =iias =

H <
1]
<

1M
it
M

. abscissa
Cosine € (Cos ©) = “Tadiuns =

ordinate
Tangent © (‘l‘an “‘9’) T Zbscissa = %

Cotangent & (Cot ©) = ES222898 _ X

‘ radius r 1
Secant 0 (Sec ®) = gFigeissa = X = %
Cosecant & (Csc ©) = 5%2%%%%3 = § = %

o

Since x = Cos© and y = Sin €& , it follows that the
rectangular coordinate of any point P on the unit circle are
(Cos® , Sin ®). It will be noted that Tangent function and
Cotangent function can also be defined respectively .as

Sin -© . | Cos ©
Tangent © -~ Cos © Cotangert 6 - Sin B

It is readily seen, from the generalized definition of the
triconometric functions that three of the functions are the

reciprocal of the other three and we may write the Reciprocal
Functions as

e 1 ' _ 1
1 i 1
Cos & = Sec O - Bec & = Cos &
1 1
Tan 6 = ot B Csc & = Sin B

Example Given sin © = , find the other functions of 8.

Wk

Solution: Since sin € = %, we may take r = 5, from which
it follows tanat y = 3. Draw a circle.with its center at
the origin and havipg a radius of 5 units (Fig.E). Take

2 point on the y-axis at =z distance of 3 units avove the
x=-axis, & line tarougn this point parallel to the z-axis
will -cut tne circle into two points, and concequently
there will be two positions for the angle & *&1 in quad-

rant I ancd &, in guadrant II.
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Starting from tae equation

K2 + ,}’2 = 1‘2
XZ - I‘2 _ y2
X2 = 52 - 32

x = 14

Thus the corresponding to the angle in guadrant I we have on
abscissa 4, and corresponding to the angle in quadrant I we
have zn abscissa -4, We can now read all the functions of voth
angles directly from the figure,.

Quadrant I ‘Quadrant II
sin %. = % sin -%2 = 52
cos %l = —;3 cas-&z = ~§-
tan € = 4 tan &, = - 2
cot 6‘1 = —% cot é—z = - -%
. Sec Hy = % sec 8, = -%
cse %1-.: '% cse 92 - %
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3-5.3 ARCLENGTH AND ANCLE

An anzle 1s ar amount of roiaticn ¢f a half-line in a
plane about 1ts end point from an initial position to a ter—
I b iy
mirel positicn,

t C w¢ tae commen end peint ¢ the two haelf-lines 04 and
. The nalf-lines OA and 03 are tne sides of an angle,
and the point 0 is the veriex of the angle,

. 5 //
/ -
m\
oL

we now assign to this ansgle 2 number which corresponds to an
"amount of rotation®" in the plane of OA and 0B about the vertex

C which requires to make one of the half-lines coinsides with

the other., The number is called the measure of the angle or sim-
ply the angle. The direction of the rotation is usaully indica-
ted by a curved arrow from the initial side to..the temminal side.
If the rotatiorn of the generating line is counterclockwise, the
angle is positive (4); if the rotation of the generating line is
clockwise, the angle is negative (-).If OA is rotated to coinside
with 0B, we call QA the initial side of the angle and OB the ter-
minal side,

v Y L

b a»/g';’v )

G ¥
&

v A

5
s)
P

Fie &

When the vertex of an angle is the origin of a rectansular
coordinate system and the initial side coinsides with the positive
'x axis, the angle is in "standard position®™, An angle in standard
positiza is said to bg in the quadrant in which the terminal side
iizs, iz in Pig G. g is in the first quadrant end ,~ is in the
third guadrant., An angle is called a "guadrantal angle® if it is
in stanlicrt position awd its terminzl side coinsides -#ith one of -
0T Th& .osrulnaie axss, aungies in stenuaid position are cail2d
“"Coterminal angles" iI their terminal sides coinsides, In Fig

5 -~ 2 E 3 3 . .
.X ant < are coterminal anglies,
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-2.3.2 Degree And Radian Measure

A degree is defined 4o be an angle formed by a half-line
rotated about its end point 1/360 of a complete rotation, or

the measure of 2 central angle that substends an are equal to
1/360 of tke circunference of a circle, Thus,

360° - 1 compliete rotation

180° = 1/2 of a complete rotation

50° = 1/4 of a complete rotation

and so on,

A minute, expressed by using '; is an angle formed by a
‘rotation equal to 1/60 of a degree. Thus, -
- 60" - 1 degree ‘

A second is an angle formed by a rotation equal to 1/60
of a minute and it is designated‘by ", Thus

1 radien = 1/2W complete rotations

2 radian = 2(1/2W ) complete ro.tations

3 radian = 3(1/2m ) complete rotations

2T radian

{8

27w (1/21m) complete rotations or 3
complete rotation.

il

S3usl in'leinzih to the radiuvs of taz circle,
B) be the central angle of the circle whosge
Of lencth, rurthermore, let ar angle 3R be

a-l 220 tas Zength of the intercepied arc be t units, Since the
the rotio of the measure of two central angles of a cirele
equals the rztio of the lengths of their rssgective‘interceptéd

40 anzle of one radian is gz central angle subtended by an arc

Let angle R {Fig
radius is r units
& engle of 1 radian

- - 1 o
ZTC, w2 hava
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 Iherefore 2.6 rad = quge5gtq_pn-

Example 3
Ezpress 71° in radians

Since 1° - /180 rad

51° = 31 (7 /480)
= AT e
180

Arc Length

Consider a circle whose radius 04 has length r (PFig 1)
Let arc 48 be an arc of length ». The: anzle A3 is an angle
of I rad. Let arc AC be an arc of leustn 5 and let O equal ,
the number of radians in angle of the measures of their respec-
tive intercepted arcs.

measure of < AR _ dength of arc AB
measure of KL AHOC = Jength of arc AC

i+

I
% P

= = I o

Thus, the length of any circular arc can be Tound by multi=
plying the number of units in the length of the radius by the
number of radians in the angle subiended by the arc,

Example

The radius of a circie is 15 in. Find the lergth of an arc
of this circle which subtinds a censral angle of 50°. ’

The central angle & = 60° = /3 rad
hence, 8 = T& |

= 15 (7/3) = 57 = 15.7



1/2 comvlste rotation _t
1 compiete rotation '

u
N
=
H

t = r

Since 360° = one complete rotation and also 277 rad = one complete
rotatior, we have. the ff, relation -

2T rad = 360°
Tred’s 180°
T/2 rad =  90°
J/3 rad 2 60°

'and also
180 o)
ad - _— - .
1r = IF = 57.295
1° = T - 0.01745 rad
180
Example 1
Express 7TT/4 rad in degrees
Since Trad = 180°, 7TM/4 reda = (7/2)(180° )
, 4 S
= 315

Exzample 2

Express 2.6 rad in degrees, minutes and seconds

Since 1 rad = 57,295°

2.6 rad = 2.6 (57,295°)
143,967°
= 148° &+ 0.967°
0.967° = 0.967 (601)

= 58.02¢

i

58! 4 @;eg* = 58' + 0.02 (60")
= 58" 4+ q.2"
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‘Specific anzles based on Measurss

Thg specific angleé based on measures are special éngles
300, 45° , and 60°. The exact values oI these angles are easily
computed by using elementary geometry.

30 Degree Angle
An angle of 30° or TY/6 radians (Fig J) is in the standard

position. From point P where the terminal side intersects the
unit circle, PQ is drawn perperndicular to the x-axis, forming

. right grianale 0PQ. Ve kpow from plane geometry that in the

307 =607 = 90G triangle, the hypotenuse 1s twice the shorter side.

Since r = 1, then in right triangle OPQ, ¥ = 1/2, substituting
these values in the equation of the unit circle

x2 + y2 - 1

x4 (P2 = 1

x° = 3/4

b4 :14372
We take the positive value of x because P is in the first quadrant.

Eence, the coordinates of P are ([3/2, 1/2) and the circular
functions of 30° are

sin 30° = 1/2 tan 30° = 13  sec 30° = 2/43
cos 30° = 43/2 cot 30° = 43  csc 30° = 2

60 Degree Angle

The terminal side of an angle 60° or T/3 radiens,(Fig X),
in the standard position, intersects the unit circle at P, The
chord AP is drawn, forming equilateral triangie OPA whose sides
are each one unit long. Then the perpendicular bisector PQ of 0A
is drawn. U
P

Fis. K 1Y LN
.8

£

\ CR X
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Hence, x £ 1/2. By the equation =z~ - 75 =
circle, we get y =-.43/2, Therefors, ine coordinat
( 1/2,¥73/2), and the circular funciicis o 60" are

I the unit
s of P are

lml

c

2

sin 60° = 43/2  tan 60° = 3 sec 60° - 2
cos 60° = 1/2 cot 60° = 1/43 csc 60° = 2/,,5‘

45 Degree Angle

In Fig L the terminal side of an angle 45° or T/4 radians,
in the standard position, intersects tne unit clrcle at P, PQ is
drawn perpendicular to the z-axis, forming isosceles right trian-
gle 0PQ. Thus, x = y. Y

Fig. L

a ~

Since x° + y2 = 1, we have x = 1/{2 and y = 1/92. Hence,

the coordinates of P are (1/42, 1/{2) and the functions of 45°
are

sin 45° - 1/{2 tan 45° - 1 sec 45° - Jz2°

cos 45° 1/42 - cot 45° - 1 cse 45° - A2

3-2.3.5 Quadrantal Location of an Angle

A quadrantal angle is an angle in tre standard posgitior
whose terminal side falls on one of the axes, Angles OQ, 90°
180°, 270° and 360° are quadrantal angles, Fig M

4

£ (%<0, 821, 7=1)

)
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From Fig ¥, in which each of the points P, Pl’ P2 and P3 is at

& pumerical distance of 1 unit from the origin, we can rezd off
the functions of gquadrantal angles namely 0°,90°,180°, 270° and
360°, The value of these functions are’ tabulated below.

ingle Sin Cos Tan Cot Sec Csc
o° 0 1 0 o0 1 <0
90° 1 0 L 0 =0 1
180° 0 -1 0 0 -1 0
270° -1 0 0 0 o0 -1
360° 0 1 0 =t 1 <0
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3.3. COMMON PLANE FIGURES

A closed broken line is called a polygon. For a figure to be
a polygon, it must not only be bonded by line segments, but must
also be closed and must be on one plane. A plane is a surface
that wholly contains a straight line joining any two points in it.

The line segments bounding the Polygon are called sides and
the points where every two sides meet are called the vertices.
A pclygon may have three sides, four sides, five sides, six
sides or any number of sides.

%3.3.1. Features of the Plane Figures

%.3.17.1. Triangle A very important type of a polygon is a
Triangle. This is a polygon of three sides and, as the name
implies, three angles'(triangle meaning "three angles".)

A very important property of all triangles is that the
sum of the three angles is 4180°. Therefore, it is clear that
the triangle cannot have more than one right angle or one
obtuse angle. At least two of the three angles are acute.

If the third angle is also acute, then the triangle is
called an acute triangle 3 1f the third angle is a right

angle, the triangle is called right triangle ; if the third

" angle is an obtuse angle, it is called obtuse triangle.

acute triangle right triangle obtuse triangle

If the three angles of a triangle are all equal, all the
three sides are the same in length. Such a triangle is called
an equilateral triangle. (equi meaning equal, lateral = sides)

If two angles of a triangle are equal, the sides oppésite
these angles are equal. Such triangle is called isosceles
triangle.

equilateral triangle isosceles triangle
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If we take one side of a triangle as the base, then the
altitude of the triangle is the perpendicular drawn td:that
base from the opposite vertex.

Thus, in the adjoining triangle

ABC, if AC is the base, then the

perpendicular drawn to aC from

the opposite vertex B is the

altitude BD.

3.3.1.2. Trapezoid. A trapezoid is a quadrilateral (+) which
has one and only one pair of parallel sides. If the non-
parallel sides are equal, the trapezoid is called isosceles.
In a trapezoid, the two parallel sides are called the bases,
and the perpendicular from any point of one base to the
other base is called the altitude of the trapezoid.

2N N LN

trapezoid isosceles trapezoid
In the trapezoid at the left, AD and BC are the bases and
BE the altitude.
3.3.1.3. Rectangle. A rectangle is a parallelogram (++) whose

sides intersect in the right angles. The longer side of the
rectangle is called the length while the shorter side is
called the width. V

3.3.1.4. Square. A square is a rectangle with all sides equal
in length. A square is a special type of a rectangle. Since
all sides are equal, then : length = width = sides,

(+) Quadrileteral - is a polygon with four sides and four angles.
The sum of all its angles is 360°, or twide that of a triangle.

(++) Parallelogram - a quadrilateral whose pairs of opposite
sides are parallel.



- 657 -
3-3.2 Area of Plane Flgures

The area of any surface or plane ilgure is the number
of units of area contained in the surface. Thus in the ad;oln-
ing rectangle, since there are 10
8quares(each side of wnich is lem) 4 ,
L o XCm{ b }7
in it, we say the are; 57 t-: rectan- T
gle 1s 10 square centimeters. fhe — ‘

Icm ~
axre of the ad joining right triangle Ao
18 5 square cemtimeters since it T
‘contains 2 complete squares and 6 B — gj?ﬁ“\c
other figurea which when taken in &§§L 5
pairs form three complete squares, 3

each side o; which is 1 cm long.

; 3-3 2.1 Aiea of a triangle, If the base QI'the trian-
gle is denoted by b and the altitude h, then the area of a
trlangle is iound by the formula

bxh
2

Example:: Pind the area of a trlangle whose base is 10
cm and altitude 4 cm.

Solution: Since b « 10cm and h = 4cm, then the area,
A= ;Ocm X 4cm

= 20 square cm
2

3-3.2.2 Area of a trapezoid. If the bases of a trape-
z0id is dencted by a2 and b , and the altitudes as b

s then the
area of thxapezcld is given by the formula

A= % x b x ( a + b)

ghat is, the area eof a trapezoid eguals omne-half the product of
the altitude and the sum of its two hasesg

Example~ Find the arszz o7 the tLapevald whose bases arz
10 cm and 4 cm and ‘whose altitude is 5 cm. '

SOlntlonf Since @ = 1C ¢m, b = 4 cm =nd b = 5 cm, thnen
by using the iOzmula, . '

7

A = ¥ x Sem x (10cm + 4cm) = E x 5 X 14 = 35 square cm
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3-3.2.3 Area of a Rectangle. 1If the length of the rec-
tangle is denoted by l and the width -, then tne area of a
rectangle is equal to the number of units of lemgth multiplied
by the number of the same units of width, or

Akl1lzxw

Example l: Find the area of a rectangle with a length
ef 12 cm and a width of 7 cm.
Solution: Since 1 = 12 cm and w. = 7 cm, then
k=12 cm x 7 cm = 84 aquare cm

Example 2: Find the length of a rectangle if the area
is 95 square cm and the width is 5 cm.
R Solutiom: - By our formula for finding the area of a
rectangle, a =~ 1 x w, since the width is giwven to be 5 cm and
the area as 95 sq. cm, then the length is that number of centi
meters which when multiplied by 5 cm would giwve 95 sq,cm. This
number is obtained by dividing the value of the area, 95, by i
the walue of the width, 5. Thus, -

l=2a2sw=295%5=19 ém,

3-5.2.4 Area of a Square. &S you already know, &
square is a special type of a rectahgie with all' its sides
equal; the 1 x w in tbhe formula becomes 8 x 8, where 8 denotes
one of the equal”ﬁidea. The product & x & is written 32, which
ks read " s square.”. ﬁsing this notation, the area cf & -

square is k=82 , where 8 is the length of a side.

Example: Find the area of a square whose sides are
2.5 em., |

Selution: S8Since 8 = 2.5 cm , then

k= (2.5)% = 6.25 Bq. cm | |

Example 2: ¥Find the side of a square whose AURE 18
36 sq. Sm. : | .
Solation' Since area is known, the side can be found .
by taking the aquare rcot of the area. Phus,

s = 56 Bg, cm = 6 cm
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3=4 FOLYGORN

3-4,1 Characteristics of Polygon

A polygon is a closed figure in a plane. All polyzons
will have at least three sides., The type of polyegons that
occurs most olten in practical work are regular poLyzors. In
regular polygon all sides are equal in length and all the
angles formed by any two adjacent sides have the same measure.

3-%.1.1 Pentagon

A regular five-sided polygon whose sides are
all equal in length,

54.1.2 Hexagon

A regular six-sided polygon whose six sides are
all equal in length,

341, 3 QOctagon

A regular eight-sided polygon whose sides arg
all equal in length,
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3—4.2 Area,of Folysgon

3-#.2.1 Area of any Regular Polygon

Let A - area of any regular polygon
s - length of each side
n - number of equal sides .

A _,'% a s2 cot 180nde

3%4.2.2 Area of Pentagon
Since & pentagon has 5 equal sides, then its area

- would be;

A -

5

i

2

. %(5) 62 oot 180 dez
1.25 5% (1.3764)

A = Il72 g2

3-4.2.3 Area of Hexagon

Since a hexagon has 6 equal sides, ther its
area would be;

2 cot 180 deg

1
A —-. Z n s | .
L - 1.5 s° (1.732)

A - 2,598 g2
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Ry

3-4.2.4 Area of Qctagon

Sigce an octagon has 8 equal sides, then its
area would be;

4 - % n s2 cot ;gggégg

CLogay L2 180 deg
A 7 (8) s° cot g
A - 252 (2.4142)

A - 4,828 g2

Illustration 1.

Find the area of a regular pentagon whose side
‘1s 5.50 in.

Given: s - 5,50 inches
Required: 4 - 2
Solution:

For a regular pentagon ares is equal to
1.72 82.

A - 1,72 52
- 1.72 (5.50)2
= 1.72 (30.25)
= 52.03 sq. in,

Illustration 2.

Find the area of s regular hexagon whose side is
4.0 em in length. 4.0 em in length.

tiven: s = 4,0 enm
Required; 4 - 9
Solution:
. For a regular hexagon, ares is
A =2.598 5° = 2,598 (£.0)2 = 2.508 % 16 - 41.568
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-

Illustration 3.

find the area ofa regular octagon whose side is 3 ft.

viven; s - 3 ft
Required: A - ?
Solution:

For a regular octagon, area i . equal to

A —— 4.828 s°
- 4.828 (3.0)2

- 43.452.8q. ft.
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3.5. Volume of Pyramids and Cones

e

3.5.1. Volume of Pyramide
A pyramid is a solid all of whose faces but one are triangles

~having a common vertex. This common vertex is called the
vertex of the pyramid and the face which does not contain the
vertex is the base of the pPyrsmid. The base may be a triangle,
& square, or any other polygon.

YA

If a pyramid has a triangular base, it is called a triangular
byramid; if it has a rectangular base, a rectangular pyramid;
and s0 on. Thus a pyramid is named according to what kind of
polygon is at the base.

In the adjoining figure, point A is the vertex of the pyramid,
and the polygon BCDEF is its base.

The triangular faces each of which has a
vertex at A are the lateral faces. The
line segment AR drawn from the vertex and
perpendicular to the base is called the
altitude of the byramid. The edges of the
triangular faces - those edges which are
not edges of the base - are called the
lateral edges of the pyramid. Thus, AB, AC, AD, AE and AF
are the lateral edges of the pyramid under consideration,

If the base of =2 pyramid is a regular polygon (one in which
all sides are equal and all angles are eg&az)§ and 1if the
altitude Passes'thrcugh the center of the base, the figure

is called a regular Pyramid. In a regular Pyramid all the
lateral edges are equal, and therefore all the lateral faces
are isosceles triangles which have the same areas. The altitude
drawn from the common vertex to the bases of the isosceles
triangles are all equal, and any one of them is called the
slant height of the pyramid.
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AS established in solid geometry, the volume of a pyramid is
equal to one third the product of the area of its base by i%é
altitude. In short, if V denotes the volume of a pyramid, h the
altitude and B the area of the base, then

1
—
v 3 X Bx h

Example : Find the volume of a pyramid whose base has an area
of 24 sq.cm and whose altitude is 8 cm.

V¥ == X 24 sg.cm x cm = 64 cubic cm.

2,5.2. Volume of Cones
Just as a cylinder is similar %o a prism, SO is the cone to
the pyramid. If the triangles on the lateral faces are repla-
ced by a curved surface, then we have a cone.

Tike the pyramid, the base is a plane, but while the base of
a pyramid is enclosed by a polygon, that of the cone is
enclosed by a plane closed curve. Every line segment joining
the vertex to a point of the curve at the base lies wholly on
the curved surface which is the lateral surface of the cone,
and the line segments on the lateral face joining the vertex
to any point of the curve at the base are called the elements
of the cone.

(

The perpendicular from the vertex to the plane at the base is
the altitude of the cone. If the base is a circle, the cone is

called a circular cone.

what we called a regular pyramid corresponds to what we call
the right circular cone. This is a cone whose base is a circle,
whose elements are equal, and whose altitude passes through the
center of the base. Just as the lateral edges of the regular
pyramid are all equal, so are all the elements of the right
circular cone. However, we did not call any of the lateral
edges oI the regular pyramid a slant height, but in a right
circular cone, any of the elements is called the slant height

of the cone.
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Like in the byramid, the volume of the cone is equal to one
third the area of the base multiplied by the altltude.-ln a
right circular cone, the base is a circle whose area is x r2
where r is the radius of the circle. Hence, if we denote the
altitude of the cone by h and the volume by V, then

Vv = —77r2h

Example : Find the volume of a right circular cone whose
altitude is 10 cm and whose base has a radius of 4 cm.

v=42x% 3.1416 x 4em®x 10 em = 167.55 cubic cm

3
Example 2 : A right circular cylinder has an altitude of 8cm

and a base whose diameter is equal to 10cm, find the altitude
of a right circulér cone of equal volume if its base has the
Same diameter as the cylinder.

Solution : Vv volume of the cylinder

c
Vé0= volume of the gone VC = Vco
dc = diameter of the cylinder
= - 3 bl = =
dco diameter of the cone dc dco 10cm
Volume of a right circular cylinder = v, =Txrsxh
r=%d-= %g = Scm h = 8cm

= 3.1416 X 5° x 8 = 628.32 cubic cm
Since volume of the cylinder equals the volume of the cone
Voo= 628.32 cubic cm

Also given that dco = dc and To.o = 5cm

to solve for the altitude of the cone we use the formula
h-L{3x7) '
1 o2

> ’ 3
b= X 028.32.007) | oyen altitude of the right
3.1416 x 52 circular cone.
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¢ SPEERE ‘'and HEMISPHERE

3-g..1 Features of Sphere and Hemisphere

3.6.1.1 Sphere

A sphere is a solid bounded by a surface all

points of which are equally distant from a point within-
called the center. v :

WQL -
L CiRCLE 74\
/\\(9

Properties of Sphere

1.

2.

O O 3 0
¢ & =

10.

Ever&,plane‘section of a sphere is a circle., If the
plane contains a diameter of the sphere, the secticn
is a great circle; otherwise, the section is a small
circle. ’

The axis of a circle of a sphere is the diameter of
the sphere perpendicular to the plane of the circle.
The poles of a circle of a sphere are the ends of its
axis. | o

Of two circles cut from & sphere by planes unequall:
distant from the center, the nearer is the greater.
The radius of a great vircle is unequal to the radius
of the sphere. |

Two great circle of a sphere bisect each other.

All greatvc1rcles of a sphere are equal.

Every great circles of a sphere are equal.

The intersection of two spherical surfaces is a circle
whose plane is perpendicular to the line joinine the
centers of the surfaces and whose center is on that
line. .

A plene perpendicular to a radius at its extremity is

tangent to the sphere;
‘ Dam CEE- i .
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~ 11. The shortest.line that can be draw: on the suffaée‘Av'
of a sphere between two points is the shorter arc
of the great circle passing through them.

3-6.1.2 Hemisphere

4 hemisphere is a s0lid which is hals of & sphere.

Saigyy ™

[ SPRU

Consider the'hemisphere-cut from the sphere of cen
center 0 and radius R, Pass two planes'distant y apart
and parallel to the base of the hemisphere, cutting the
hemisphere in two emall ecircles-of radii T1 and 15 as

shown in the figure,

If we assume are DF = chord DF = L, the surface of the
hemisphere included between these planes is equal to
‘the lateral surfacé\of the inscribed frustum of 3 rizht
circular ccneé‘fhiS‘frustum‘has a slant height L, an
altitude y and base radii Iy &and r,, ' |




- T2 =

' Its lateral surface is,

2Tr, + 27T .
s = ( 12 ‘ 2)9. (1)

r. +Ir
s = 271‘(12 2)1

Let B be the midpoint of chord DF. Then OB is perpendicu-
lar to chord DF and within the limits of the approxima-
‘tion is equal to the radius R of the sphere., Denote the
radius AB of the midsection of the frustum by r. Since r
is the mid-section of a trapezoid,

Tyt Ty
2

(2)

We observe that, since angles £B and FDE have their sides
respectively perpendicular, they have equal and right
triangles /B snd FDE are similar. Therefore ’

.y
R~ A
B
S RS

Sahs%ituting in equation (3) the value of r from equation
g (2) we get
ntTn . m
2. L
Substituting this value of ,ri + T, in formula (1)
S , .

we cbtain

§ - 2TERy
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By thinking of a sphere as being formed by an indefi-
nitely large ‘number of these frustums, the sum of whose
altltudes is 2R, it is ev1dent that thé formula for the
surface of a sphere of radius R is "

Generally, the area of the surface of a sphere is equzl
to the area of four of 1ts great circles.

'SK‘_-:' 471’112

Siuce Hemlsphere is half’ of a sphere therefore, the ar~pn

of the ‘surface of a hemlsphere is one half the sulface
area of a sphere.

s := -23=1 (4#‘32)

S = éu"RZ‘} o

3=6.3 Volume of‘Sphere:and Hemisphere

Consider the hemlsphere cut from the sphere of ¢
centez‘ﬁ and radius R. Compare thisg hemisyhere with the
solid whlch ‘results from remov;ng & right circular cone
of base raﬂxus R and altltade R from a right circular
cyllnder of the same base and altltude, as shown in the

figure.'




"'74-{

A

Place the two solids so that their bases lie ir
the same plane parallel to and distant y from the bas~s,
" cutting the hemisphere in small circle A emd the.other
solid in section A'(area bounded by two concentric cir-
cles as sho'wn). Denote the radius of circle A by r, the
inner radius of section A' by x (the outer radius of
sectibn A' is obviously R), and write

A =TT (1)
A = T (R - 5°) (2)

Since the legs of right triengle CDE are each R, © = 450
when x = ¥y.

Applying the Pythagorrean theorem to right triangle 00'B,
we have N

r2 = RZ-YZ

Substituting this value of r2 in equation (1) and putting
X =y in equation (2), we obtain

A =T (R% - y°)
and o

A = TT(RZ«?‘ Yg)

From these equations we have

Since the altitude of each sclid is equal to R and since
A= A", it follows from Cavalieri's theorem that the
volumes of the two solids are equal. But, denoting the
volume of the constructed solid by V,, we have

V, = volume of tybmder - volume of wue

-

v o= (TR)R- 3 (TE)R

vy -

il

2
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Therefore %he volume of the hemisphere ig

Siﬁce hemisphere is twice the sphere, hence the volume
of a sphere of radius R is

(5v7)

403
{ V' = 3 H’R

v

h

Illustration 1;

Find the surface area of a sphere 20 cm in

Given: diameter of sphere = 20 em
Req. ‘red: surface area of the sphere
Solutions '

8 = 4TT32
4 (3.1416) (20)2
4 (3.1416) (400)
= 5026,56 cm?

f

1]

Illustratiénvz§ '
Find the volume of a sgﬁere‘wnoée Raoiu g “is equal
to 15 inches ‘

Given: radius of sphere : 15 in.
Required; volume of the sphere

Solution:
4 ' 1
}Y = 3?&3, | since R - 3D
= $7(%0)3

"

4 3 1 3
3 (3~l415) ( fg J(15)
= 1767.15 in;




e

- 76 -

Illustration 3

A.hemisphere is 314" in diameter. Find its surface
‘area, in square inches.

Given: diemeter of nemispherev: 3r4n
Required:; Surface area of the hemisphere

Solution: :
diameter = (3 x 12) + 4
g = 40 in.
radius = + D
= % (40)
= 20 in.

Surface .area (S) = .27TR?

= 2 (3.1416) (20)°
= 2 (3.1416) (400)
2

i

2513.28 in

' Illustration 4:
Find the volume of a hemisphere whose radius is

1375 meter.

Given:; Radius of hemisphere = 1.375 meter
Required: volume of “the hemisphere
Solution: ‘ o

203

3TRS

= £ (3.1416) (1.375)°

= % (3.1416) (2.5996)

= .45.4446 meter’

v

u



